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1 Projective Resolution

Let P be a module. For any surjectivemapg : B - C — 0. if f : P — C always has a lifting h : P — B,
we say that P is projective. Let A be an abelian group. Consider a projective resolution of A

Oni2 +1 g Op1 05 0y 9 d n
P:..— P, —> P— P_—> ..— P,— P|— Py— A— 0,

where each P, is projective and the sequence is exact. Additionally, if each P, is free, we call Py a free resolution.
For a commutative ring with 1, R, applying the Homy functor with an abelian group G, we get a cochain complex
that might not be exact:

dy

dy dy d
0— Homyp (A, G)— Homp, (P), G) — Homg (P;,G)— ...

The nth cohomology group of this cochain complex gives sort of a measurement of the non-exactness of this
cochain complex at the nth position. We define that nth cohomology group as the Ext functor from .4b” to Ab,

Ext (A,G) :==kerd,,,/imd,.

It can be proved that this Ext functor does not depend on the particular projective resolution taken, and is
just a function of A and G.

If the cochain complex is exact at any point, which will be the case if A is a free abelian group and P a free
resolution of A, then EXtrzle (A, G) is trivial there.

If A is a free abelian group. Then the free abelian group generated by A is A. Thus we have the chain
0—- R =kerp— F(A) = A AR 0, where @ ends up being the identity map, and hence R = 0. So
0y is just the identity map on A, and 9, takes whole of A to 0; accordingly, Ext% (A,G) = kerd,/im d, is
trivial. It is also conversely true that a trivial Ext’ means that the concerned entry abelian group is free. If
we consider the exact sequence with the canonical homomorphism F(A) — A, by assumption it splits which
implies that A is projective (because it’s a direct summand of the free abelian group 7 (A)), hence free, abelian

group.

2 Examples

Example 1. Let A = Z/mZ. Consider

[7) 4] 7]
037 —>7—257/mZ —>0

m

This gives us (taking R = Z)

0 — Hom(Z/mZ,G) —23% Hom (Z,G) —% Hom (Z,G) —23 0



We have the following commutative diagram:

mp €Z/mZ <E— 7> mp
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Here, d, () = @ox, hence im d, = {periodic functions with period m} and kerd, = {yw : Z - G | y (mp)
=0V f € Z}. Therefore

kerd), {y:Z->Glymp)=my(p)=0VpeZ)
imdy {y:Z->G|ly@+m=y@VaeZ}

Ext® (Z/mZ,G) =

Now, for a [y] € Ext° Z/mZ,G),my =0=>my (P)=0VpeZ=>myf+m=0=>mpy(f)+ mpy(m)=
0 since y is a homomorphism = my(m) = 0.

Define { : Hom(Z,G) — G; w — w(m) = g € G. This is well-defined. Therefore I can identify classes
of y with corresponding elements of g such that mg = 0. So, Ext® (Z/mZ,G) ~ w0 =1g € G| mg =0}.

kerd H Z,G
Now, let us calculate Ext! (Z/mZ,G) = - 2 = om ( ) )
imd;, mHom(Z,G)

zZ+—" 7
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If € Hom (Z, G), as soon as we define ¢(1), @ is fully defined. So, one ¢ is equivalent to one element g € G
where ¢(1) is assigned. So, Hom (Z,G) ~ G = Ext' (Z/mZ,G) ~ G/mG.

Note here that if |G| + m, then Ext®(Z /mZ,G) is non-trivial, providing us with an example of a non-
trivial Hom-cochain and Ext, showing that the definition is vacuously true. Furthermore, Hom (Z/mZ,G) —
Hom (Z, G) is non-trivial only if G has a torsion.

3 Independence of Ext on resolution

Theorem 1 Let A, A’ € Ab. If a homomorphism f : A — A’ exists, it would induce a chain map f in the
following scenario:

03 0y 0 do n
> P > P > B > A > 0
| | |
1 /2 \Lfl lefo \Lf
03 / 6; 1 ()i ’ 06 ’ n
> P, > P, > P, > A > 0

if each P; in the above row is projective and the bottom row is exact. Moreover, any two such chain maps will
be homotopic.

We prove by induction on n > 0. Since P, is projective, the following commutative diagram proves the existence
of fy
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For the induction step, consider
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We can have this implication due to projectivity of P,

n+1

fn /
+l J/fn n+l1

n+1 —> im 0’+1 — 0

0/

only if im (fn0n+1) C im 6;_1 = ker 0/, which is true since 9/ f,0,,1 = f,-19,0,,1 = f,,0 = 0. Thus by
induction we have proved the existence of the chain map f;. On to its uniqueness up to homotopy equivalence.
Consider the chain complexes where we have to construct the homotopy map s,

n+|
s Py > P, /P1 > B > A

Sn+1 // | S_5
// n+l fn+|\l/ ‘/\l/fM Szt / fz\L/ fi hy fo\L/ \Lf
9] % "
[4 [4

n+1\ P; n

such that s,_,0, + 9,15, = h, — f,Vn € NU {-2,-1,0}. Putting s_; = 0 gives this for n = 0. As for

the inductive step, we have to show that the s,’s so constructed satisfies A, — f,11 — $,0,41 = 0"1 25t
for the (n + 1)th level. We have that (hn+1 = for1— 5 a,m) ( n+1) - Pr:+1' Only if we can show that
(Ppp1 = fus1 = $40ps1) (Pogr) C im 0/, = kerd’ . then by surjectivity of 9/ , on its codomain, we have

the following commutative diagram from where the projectivity of P, | implies the existence of s, with the
desired property.

n
Spa s
" s d J/ n+l_fn+l_sn0n+l
L 2
n+ } )
n+2 n+1 0

P

But a;,+1 (hn+1 - fn+1 - Snan+l) = ay,,.:,.l (hn+1 - fn+l) - (a:H.lSn) an+1
0\ (Muy1 = fusr) = (hy = fo = 5,.10,) 0,41 |by induction hypothesis|
0, since h and f are chain maps.[]

This being established, we try to see where this homotopy maps through the Hom functor. Of course, for
@ : P! > G, we getamap goh, : P, > G, so h, induces 6§ : Hom (P/,G) - Hom (P,,G) ;¢ = @oh,. In
a similar manner all the chain and homotopy maps are transferred to our commutative diagram through Hom

Hom (P I,G) —) Hom

\TT\

Hom (P’ ) Ll) Hom <P’+1,G>

In fact, a cochain complex is induced. As we know, Hom is a contravariant functor, and as shown below, the
chain homotopy condition obtained previously gives 6, — ¢, = GnA; +1 1 A,0,_, which gives the cochain
homotopy relation between the two cochains obtained through Hom functor.



Now, if A = A’, f is instead an isomorphism, and the bottom row is projective as well, i.e., we are dealing
with two projective resolutions of A. An ismorphism f induces isomorphisms P, — P, by inducing homomor-
phisms both ways. All induced chain maps have been seen to be homtopic to the isomorphism, i.e., resolutions
P, and P#; are homotopically equivalent. We know that cohomology groups of homotopic cochain maps are
isomorphic. So the Ext functors, which are cohomology groups of the Hom cochains of the resolutions, are the
same. That is, they are independent of the particular resolution chosen over A, and instead just depend on A
and G- but also on the ring R over which the homomorphisms are taken.
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