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See the primes 1 modulo 4: 5 = 12 4+ 22, 13 = 22 4+ 32, 17 = 12 4+ 4% etc. They turn out to be expressible as
p = x>+ y* where x, y € Z. In fact, this is true for all primes p € P, p = 1 mod 4. For proving this, we need the
fact that the Gaussian integers Z[i] = {a + bi | a,b € Z} form an Euclidean domain, which implies it is a uniform

factorization domain. Given a, f € Z[i] we need to prove that there exists y € Z[i] such that

%—yl < 1, where

Ix +iy| = (x + iy) (x — iy) = x> + y? for x + iy € Z[i]. But Z[i] forms a lattice in C with mesh diagonal length /2
and so there must be a y € Z[i] such that given a, § € Z[i], |% - y| < % 2= % Now, since the Gaussian integers

are a UFD, what we need to prove is that p facts as (x + iy) (x — iy) in Z[i], and is no more a prime.
Letp=4n+1,n € N. By Wilson’s theorem, -1 =(p—1) mod p=[12....20)][(p—-1D)(P—-2)...(p —2n)] =
@2m)! [(=D* (2n)!] mod p = ((2n)!)* = =1 mod p. Therefore (2n)! is a solution to x>+ 1 = 0 mod p. Now since

pEP,2n<p ptx=@nie., (x+i)(x—i)is divisible by p in Z[i] but = + = ¢ Z[i], so p is not a prime in
p p

Z[i]. Therefore there exist x; + iy + 1,x; — iy, € Z[i] such that p = x;'y%.

When we study algebraic extension of a ring, the two most important points to cover are characterization of its
prime elements and units. Having defined the ring of Gaussian integers, our next objective is to find all its units and
primes. Define norm N : Z[i] - Z* U {0}; x + iy = (x +iy) (x — iy) = x> + y*. We know that « € (Z[i])* &
N (a) = 1. For, if « is a unit, we find some f € Z[i] suchthataff =1 => N (aff) = N(1)=1= N(a) N (f) =
1 = N (a) = 1. On the other hand, let @« = a + bi. Then N (a) = a* + b* = 1 = cithera € {+1},b = 0 or
a =0,b € {£1}. Therefore the units in Z[i] are {+1, +i}, all of which have norm 1. So, we have found the units.
And we know that p € P,p =1 mod 4 are not primes in Z[i]. But, p € P,p =3 mod 4 are.

Because, let’s say such a p can be factorized into non-units . Then N(p) = N (a) N (f), i..e., p>* = N (a) N (f)
and since @, § are non-units, N (@) = N (f) = p. Leta = a+bi. Then N () = a*>+b> € {0 mod 4,1 mod 4} —«.

We say that two elements @ and b in a ring are associated if one can be obtained from the other through mul-
tiplication by a unit, and we write as: a ~ b. Let = be a prime in Z[i]. Then upto association, x is one of the
following:

) r=14+1i;

(2) # = a+ bi where a,b € Z such that a*> + b> = p=1 mod 4;

(3) # = p=3 mod 4 where p € P.
In cases (1) and (2), if # = aff, then N (x) = N (@) N (f) = p € P. One of @ and f is a unit. In (3), if # = aff where
a, B are non-units, p> = N(@)N(f) = N(a)=p. Ifa=a+bi,thenp=a?>+b*=1 mod 4 —«.
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